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THESIMILARITYLAWFOREYl?ERSONICFLOWABOUT

‘\

SLENDERTHREE+DIMENSIONALSHAFES

ByFrankM.Hamaker,StanfordE. Neice,
andA. J.Eggers,Jr.

I

Thesimilaritylawfor steady,inviscid hypersonicflow about
slenderthree-dimensionalshapesis derivedin termsof customary
aerodynamicparameters.Tohavesimilarityof flow, the lawstates
that the lateral dimensionsof the sha~esin questionandtheir angles
withrespecttotheflightdirectionmustbe inverselyproportionalto
theirflight,Machnqbers. A tirectconsequenceofthislawisthat
theratioofthelocalstaticpressuretothefree-streamstatic
pressureisthesameat correspondingpointsin similarflowfields.-–-’

Thelawisappliedtothedeterminationof simpleexpressionsfor
correlatingtheforcesandmomentsactingon relatedshapesoperating
athypersonicspeeds.Theshapesconsideredarewings,bodies,and
wing-bodycombinations.Inthespecialcaseof inclinedbodiesof
revolution,theseexpressionsareextendedto includesomesignificant
effectsoftheviscouscrossforce.

Resultsofa limitedexperimentalinvestigationofthepressures
actingontwoinclinedconesarefoundto checkthelawas itapplies
tobodiesofrevolution.Furtherinvestigationisnecessary,however,
to determinetherangeofapplicabilityofthelaw.

INTRODUCTION

Thehypersonicsimilaritylawforsteadypotentialflowsabout
thinairfoilsectionsandslendernofliftingbodiesofrevolutionwas
firstdevelopedby Tsieninreference1. Thelawstatesthattheflows
abouttheseshapeswillbe similarprovided(a)thefree-streamMach
numbersarelargeco~aredto1, (b)theshapeshavethesamethiclmess
distributions,and(c)theproductsofthefree-streamMachnumbersand
thethicknessratiosarethesame.Hayes(reference2) investi~ted
thislawfromthestandpointofanalagousunsteadyflowsandconcluded
thatitwouldalsoapplytononpotentialflowscontainingpronounced
shockwavesandvorticity,providedthelocalMachnuniberwaseverywhere
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largecomparedto 1. He alsoreasonedthatsimilitudecouldbe obtained ..
inhyj?ersonicflowsaboutslenderthree-dimensionalbodiesofarbitrary
shape;however,theformofthesimilaritylawintermsof cmtomary
aerodynamicparameterswasnotdetermined.

Ehret,Rossow,andStevens(reference3) investigatedthehyper-
sonicsimilaritylawfornonliftingbodiesofrevolutionby comparing
pressuredistributionscalculatedby meansofthemethodof character-
istics. Theyfoundthelawtobe applicableovera widerangeofMach
nunibersandthic.lmessratios.Theirinvestigationdidnot,however,
includetheeffectsofvorticityarisingfromthec~ture ofthenose
shockwave. Rossaw(reference4) continuedthisinvestigationand
foundthatthelawwasequallyvalidwhentheeffectsofvorticitywere
includedinthecalculations.Thesefindingscorroborated,inpart,
theobservationsofHayesandinficatedthatthelawmaybe usedwith
confidenceto investigatetheaerodynamiccharacteristicsofnonlifting
bodiesofrevolutionathypersonicspeeds.

Withthesuccessfulap_@icationofthehypersonicsimilaritylaw
tononliftingbodiesofrevolution,ita~eareddesirableto determine
theformofthelaw,intermsof customaryaerodynamicparameters,for
slenderthree-dimensionalbodiesofarbitraryshape.An tnvesti~tion
ofthemoregenersllaw
pqmr istopresentthe
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wasthereforeundertaken.Thepurposeofthis
resultsofthisstudy.

SYMBOLS

referenceareaofbody

spanorwidthofbody

chordorlengthofbody

(A=bt)

sectiondragcoefficientof circularcylinderwithaxis
perpendicularto theflow

meanc% forabody ofrevolution

side-forcecoefficient

()

sideforce

; povo2A

side+orceparameter

(-’)

dragcoefficient~
~ poVo2A
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dragparameter

rolling-moment

rolling-momentpyter
\

/liftcoefficient. lift \

liftparameter

pitching-moment

pitching-momentparameter,
\

3

yawing-momentcoefficient~~zt)

yawing-momentparmeter

dimensionlessperturbationpotentialfunction

viscousforceormomentfunction

dimensionlessbodyshapefunction

bo~ slr+pefunction

unitvectorsalongcoordinateaxes x,y,zjrespectively

&LrectioncosinesofthevectorR withrespectto the x,y,z
axes,respectively

hypersonicsimilarityparameters

Machnumber

unitouternormal

staticpressure

radiusofbodyof

to surfaceofbody

revolutionat anystationx
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crossReynoldsnumberbasedon
componentofthefree-stream

crossforce~erunitlength

maximumbod.ydiameterandthe
velocitynormaltothebodyaxis

charact=isticthiclmessordepthofbody

componentsofvelocity,V, inthedirectionofthe x,y,z axes,
respectively

resultantvelocity ,

(%rtesimcoordinates

angleofattack

angleof sideslip

ratioof specificheats

angleofroll

dimensionlesscoordinatescorrespondingto x,y,z,respectively

orificelocationonthetestcones

streamdensity

perturbationveloci@potential

subscripts

referstoviscouscross-forceeffects

refersto free-streamconditions

refersto differentfunctionsF, ah or &, exceptas noted

SQerscri_pt

referstovectorquantities
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DEVELOPMENTOFTEESIMlLM31TY
FORINVISCIDTHREE-DIMENSIONAL

Thefollowingassumptionsaremadeinthis

LAw
FLOW

analysis:(1)theMach
numberof theuniformfreestreamislargecomparedto1 (i.e.,the
flowishypersonic),(2)thedisturbancevelocitiesaresmalJcompared
to thefree-streamvelocity,and(3)theflowisofthesteadypotential
type. It is clearfromthefirsttwoassumptionsthattheanalysisis
strictlya~licableonlyto slendershapesinhypersonicflow.As was
pointedoutintheintroduction,however,thelastassumptionshould
notrestricttherange,ofapplicabilityof theresultstopotential

‘flows.Thepurposeofmakingthisassumptionisto shplifythe
analysis.

A slenderbodyis z
cmientedin x,y,z spaoe
as shownin sketoh(a) Ywiththefree43tieam
velwity V. directed / .@
alongthe x sxiso

&.Thegeneraldl.ffer- X

entialequation& motion
fa steadyflowaboutthe
bodycanbe writtenin
‘thefouowingfcu’m:

(a)

(a2-u?)ux+ (a2-#)vy+ (a2-w2)wz- uv(uy+ Vx)-

VW(VZ+ Wy)- W-U(WX + Uz)= o

wheretheconditionof irrotatio&Jityrequiresthat

Uy=vx, vz=wy, Wx = Uz

As a consequenceof equation(2),a perturbationvelocity
potential,~, canbe definedas follows:

u =V()-tqx, v= ~ , W=TZ

I

(1)

(2)

(3)

Theenergyequation,relatingfree-streamandlocalconditionson
thebody,canbewritteninthefollowingform:

~(&+++@)
.,

~= + y vo~=a2+ 2 (k)
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Introducingtheperturbationpotentialexpressionsof equation(3),
equation(4)thenbecomes

Y-l V02. a=+— 2 + + (V02+2v& +~x2a. 2 + Py=+ Q~2) (5)

If equations(2),(3),and(~)
thesteady-state,three-dimensional
obtatiedas follows:

arenowintroducedintoequation(1),
potentialequationofmotionis

[
ao2- ~ (2v@x2 + 9X2+ %2 + ~z2) 1-V02-mol?x-%2%x+

[

2-
a.

[
ao2-

2(v@y

Forhypersonicflowaboutslender
comyaredto Vo,anda simpleanalysisfurther“tidicatesthat 9X is
smallcomparedto ~ and ‘$’Z.1 AccorMngly,theexactpotential
equationis simplifiedby neglecting,h general,alJtermsofhigher
orderthan %2 and PZ2,andby neglecting,inparticular,allterms
except-V02 inthecoefficientof ~. Equation(6)
be reducedto theform

[
l-(7-l) 3@3q52-559z2

may-therefore

1% -

1~zz+
(7)

ITo ~wtmte, for~o-~emj-onalflowsofthetypeconsidered‘n‘his
analysisthecompatabil-i~equations,whichholdalongcharacteristic“
lines,takeonthefo~ AV= +~Av. SinceM islargecompared

M
to 1, thisequationshowsthat AV is smallcomparedto Av. It
follows,then,that % is smallcomparedto ~. Froma different
pointofview,thes~t~ent that % is ~~ c~=ed ‘0 ‘z ‘s
justanotherwayof statinga well-knownpropertyofhypersonicflows,
namely,thatalthoughthedirectionoftheresultantvelocityvector
maychangeappreciably,themagnitudeofthevelocityvectorchanges
onlyslightly.
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Thisrelationis employedas theequationofmotioninthefollowing
analysts. Theboundaryconditionsremaintobe determined.

Theshapeofa slenderthree-dimensionalbodyisdefinedinits
referenceposition=intheflowfieldby thefunctionalrelation

G(x,y,z)= O (8)

Theunitnormalat a pointonthesurfaceisgivenby thevector

ii =37+m~+nE (9)
andtherequirementthatthebodybe slenderis satisfiedby the
restriction

-1<<1 (lo)

at allpoints.Oneboundaryconditionis,of course,therequirement
thattherebe no normalcomponentofflowat thesurfaceofthebody.
Thisconditionis satisfiedforthebodyin itsreferencepositionif
therelation

v“ fi=(V0+~)l+9ym+Pzn =0

andhence

holdseverywhereonthesurface.Thisexpressioncanreadilybe
generalizedto includesteadymotionat smallanglesofattack,side-
slip,androll.Rotatingthebodyto theseanglesrelativeto the
windintroducesa correspondingrotationofthenormalsto thebw3_y.3
In termsofthedirectioncosinesoftheoriginalnormals,then,the
expressionfortherotatednormalsmaybe givenintheform

/

2Thebodyisdefinedasbeinginitsreferencepositionwhenthenose
coincideswiththeoriginofthecoordinatesystemandtheanglesof
attack,sideslip,androllarezero.

31n general,suchrotationsarenotcommutative;thatis,theresultis
notthesamewhenthesequenceoftherotationsis changed.This
difficultyisavoidedby restrictingtheanalysisto consideronly
termsofthefirstorderintheanglesof rotation.Thisrestriction
is consistentwiththeinitialassumptionsbutdoesnothavetobe
madeinth,ecaseoftheangleofrollaswillbe discussedingreater
detaillaterinthereport.

....—.————— -- —— . . —-- ——— . .. _ .... .— .- --- -
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hposingtherequirementspecifiedby equation(10),equation(12)is
furtherreducedtotheform

fit= (z+@. nu)7+ (m+’n5)~+ (n- M5)E (13)

Ifthevector~ in equation(n) isreplacedby fitas definedin
thisexpression,thenthedesiredgeneralizedboundaryconditiononthe
surfaceofthebody,isgivenby theequation

Vo(%c+ Wy+tiz) +~y(Gy+ Wz) + ‘?z(Gz- ~) =o (14)

Inthisequationthederivativesof G are,of course,evaluatedon
thesurfaceofthebodyinthereference~osition,whilethederivatives
of q are,evaluatedat correspondingpointsonthebodyinitsrotated
position.Theremainingboundaryconditionis,of course,

9x’Qy=gz=O at x=-m (15)

In orderto obtainthes-ity lawforflowaboutrelated
bodies,it is convenientto expresstheequationsofmotionandboundary
conditionsina nondimensionalform.A dimensionlesscoordinatesystem
isthereforeintroducedwiththeaffinetransformation

(16)
.

anda nondimensionperturbationpotentialfunctionisdefinedby the. .
relation4

%

z)
f(g,%~)= q x t 2 (17)

a&c ~

where c,b, andt area characteristic.len@h,widthandheightofa
body,respectively.Underthecoordinatetransformationgivenabove,
eq~tion(8)

Substituting
obtainedfor

takestheform

g(~>%~)= o (18)

equations(16)and(17)intoequation(7)thereisthen
theequationofmotion

A!Thefunctionchosenheretiffersfromthoseemployedby Tsienand
Hayes.Ithastheadvantageof simplifyingtheexpressionsforthe
boundaryconditions.

.—— -. .



,

EAcATN 2443 9

Inan analogousmanner,equations(14)and(15)fortheboundary
conditionsassumethenondimensionalforms

( Kt

)‘E ‘!-g~K% ‘0 “
(20)

onthesurface,and

f~=fq=f{= Oat ~=-~ (a)

wherethehypersonicsimilarityparametersfora constantvalueof 7
aregivenas follows:

&t=w , (24)

K~ =M@ (25)

K5=5 (26)

Withequations(19)through(26),thesinQlaritylawforinviscid
hypersonicflowaboutslendershapescanbe deduced,forit isclear
thattheflownowdependsonlyonthedimensionlessshapefunctiong
(i.e.,thethicknessdistributionofa shapeorbodyintheflow)and
thesimilarityparameterspreviouslygiven.Thusthelawmaybe stated
as follows:Forbodiesdescribedbythesamedimensionlessfunction
andimmersedinflowssuchthatthesamevaluesofthesimilaritypara-
metersme obtained,thedisturbanceflowfieldsaredefinedby the
samedimensionlessperturbationpotentialfunction,andare,therefore,
similar.93husforsimilarityof flowaboutboties~it isO~Y necessary

_-—__— —. .. — ————.— ————



—— -—

10 mcAm 2U3

thattheirlateraldimensionsandangleswithrespectto theflow
directionbe inverselypqortionalto theMachm.miberoftheflow.

Thisstatementofthelawis ess~tiallya generalizationofthat
originallypresentedby Tsien.ThenewsimilaritypsxametersKb,~,
K~,and IQ defineadditionalrestrictionson theshapesandattitudes
ofrelatedbodi.es;showever,thesimilarityparameterKt (andthe
restrictionimposedby it)isthesameas theoneinreference1>
obtainedfromtheconsiderationsoftwo-dimensionalandaxially
symmetricflows.Inregardto thenewshilarityparameters,attention
is calledto ~ which,it isnoticed,doesnotcontain~. Theroll
angleisthesame,then,forrelatedbodiesin similarhypersonicflows.
T& resultcould-
clearthatifthe
requiredtobe in
isalsovalidfor

APPLICATIONS

havebeendeducedintuitively,andit seemsequally
rotationsto an~es ofattack,sideslip,androllare
thesamesequence
arbitrarilylarge

OFTHESIMILARITY

(see footnote 3), thentheresult
an@.esofroll.

LAWANDDISCUSSIONOFRESULTS

In theyrecedingsectionthe~ersonic similaritylawwas
develupedina generalform. Thelawis enployedinthissectionto
correlatethephysicalpropertiesof shnilarflowfieldsandtheaero-
-c cwaCteristicsOf somerelatedshapesofpracticalinterest.

Someeffectsofviscosityareconsideredintheinvesti~tionof
theaerodynamiccharacteristicsforinclinedbodiesofrevolution.The
assumptionof inviscidflowis,however,retainedelsewhereinthis
study.

Correlationof thePhysicalProperties
ofS5rnflarFlowF!ields

M’aerodynamicstudies,perhapsthemostimportantphysical
propertyofa fluidisthestaticpressure.Thispessureat smy~oint
ina flowfieldofthetypeunderconsiderationis givenby therelation’

_Y_

()l+Y-%02 7-1&02
P = 3?0

l+&=

5Theterms“relatedbodies”willbeused,henceforth,to identify
bodiesthataredescribedbvthesameshamefunctionf?.

—.
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Siqplif~ngthisequationto includeonlytermsoftheproperorder
transfo-g theresultingexpressionto nondimensionalformyields
thefollowingrelation:

-Y

U.

and

P—=
{
1- (y-l)Kt2f~

Po ‘~ [Kt2( ~~fn2+Kt2fg’1} x

Thederivativesof f are,however,functionsonlyofthesimilarity
parametersandthedimensionlesscoordinates;therefore,thisexpression
maybe writtenas

(2’7)

It is clearfromthisrelationthatforsimilarflows,theratioofthe
localto thefree-streamstaticpressureisthesameat corresponding
points(~,q,~)intheflowfields.A directconsequenceofthisrule
isthatthecenterofpressureisat thesame(~,q,~)locationon
relatedbodiesin simi@rhypersonicflows.Itmayeasilybeshownthat
thisrulecanalsobe appliedto relateotherphysicalpropertiesof
similarflowfields,suchas tempe=tures,densitiesandMachnumbers.

Correlationof
of

theAerodynamicCharact=istics
SomeRelatedShapes

.
BodiesofRevolution.-Forbodieqofrevolution,equation(2’7)

reducesto theforme

where Kb is eliminatedas it isidenticalto Kt. Thisequationis
integatedintheusualmannerto obtainthelift,drag,andpitclring-
momentcoefficientsofrelatedbodies.It is convenienttowritethe
expressionsforthesecoefficientsinthefollowingforms:

.

6Becauseoftheaxialsymmetryofbodiesofrevolutiononlyanglesof
attackareconsidered.Thisconsiderationobviatesa discussionof
forceandmomentcharacteristicsat anglesof sideslipor combined
anglesofattackandsideslip,whileroll,of course,hasno meaning.
It is clear,then,thatthesimilarityparametersK~ and @ are
cl-ted fromthisanalysis.

—— .— .—— ——...——— ——-
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%& =t =fi(Kt,K&)
M&’@=&I=fi(Kt,&L)

1

(28)

~~ = @m = &(Kt,@
w-

Where C!L,CD,and im aredesignatedlift,drag,andpitching-moment
parameters,respectively.7 It isapparentfromtheserelationsthat
thecorrespondingforceandmomentprszaetershaveidenticalvaluesfor
relatedbodiesofrevolutionyrovidedthecorrespondingsimilarity
parametershaveidenticalvalues.Itwillnowbe shownthatthis
conclusioncanbe generalizedto includethesignificanteffectsofthe
viscouscrossforcesonrelatedinclinedbodies.

Theviscouscrossforcearisesfromtheflow(umallypartblly
separate@oftheboundary-layertransverseto theb@y axis.A method
of estimatingthisforcealongwiththelift,drag,andTitching-moment
coefficientsassociatedwithithasbeensuggestedby Alleninrefer-
ence5,andispresentedintheappendixof thepresentpaper.’The
resultingexpressionsforthesecoefficients(seeequation(c)inthe
appendix)aretransformedto the
relationsareobtained:

b% =

%%v =

%% =

Forslenderbodiesofrevolution

nondimensionalformandthefollowing

$dcF1(Kt>G)

$dcF2(Kt>G)

~dcFg(Kt>Ku) 1(29)

ofthetypeunderconsideration,&d.
isprimarilya functionoftheMachnuriberandReynoldsnumberof -
theflowcomponentnormaltothebodyaxis. Consequently,these
expressionscanbe reducedtotheform

*

J
where R= isthecrossReynoldsnuniber.It is clearwhen”c~aring
theserelationswiththoseof equation(28)thattheconclusiondrawn
fromthelatterrelationsqplieswithequalvaliditywhenviscous
cross-floweffectsareconsidered,providedthat Rc iSincludedas a
similarityparameters /

yIftheangleofattackis zero,~ = O andtheexpressionforthe
dragparameterreducesto a formequivalentto thatobtainedby Tsien.

‘Itisassumedthattheviscousflowconsideredheredoesnotsigni-
ficantlyinfluencethepotential,intiscidflowdiscussedpreviously.
Hencetheforceandmomentcoefficients.resultingfromtheseflows
maybe superimgosed.

-.
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A Wnitedexperhnentallcheckofthesimilari@lawforbodiesof
revolutionhasbeenmadeintheAmes10-by 14-inchsupersonicwind
tunnel.Twoconeshavingthibess ratiosof0.333and0.204were
testedatMachnunibersof2.1’~and4.4-6,respectively;thusthevalue
of Kt W’aS0.91.Equipmentformeasmingforcesandmomentswasnot
availableat thethe ofthesetests;therefore,~ressuresonlywere
measuredonthecones.Thesemeasurementsweremadeat thelocations
showninfi~e 1 foranglesofattackqp to 5°. Overlappingvalues
of & up to 14°werethusobtained.Therangesof cross-flowReynolds
nuniberscoveredinthetestsareshowninfigure2,anditis evident
thatidenticalvaluesof Rc couldnotbe obtainedforthetwocones
at thesamevaluesof ~.

Experimentallydeterminedpressureratiosareshowninfigure3as
a functionof ~. Agreementwiththepredictionofthesimilaritylaw
isgenerallyobserved,inthatthevaluesof p/p. forcorresponding
pointson thetwobodieslieessentiallyalongthesamecurve.The
exceptionto thisagreementison theleesidesofthecones(e=1800)
whereit isnotedthatsignificantlydifferentcurvesaredefined.
Thisdifferenceisbelievedtobe theresultof dissimilarflowsepa-
rationfromthetwocones,caused”inturnby themarkeddifferencesin
thecross-flowReynoldsnumberpreviouslymentioned.Separation
phenomenashouldbe essentiallysimilarat identicalcross-flowReynolds
numbers,inwhichcasethecorrespondingvaluesof p/p. shouldagree.

Wings,Bodies,andWing-BodyCotiinations.-Thegeneralformofthe
similaritylawmustbe employedinthisphaseoftheinvesti@tion.In
order,”then,to obtainexpressionsfortheforceandmamentparameters
ofwings,bodies,andwing-bodyconibinations,it isnecessaryto inte-
grateequation(27)overrelated,butotherwisearbitraryshayes.The
resultingexpressionsare

%C1 = &l= ~Z(Kt,Q,K&jK@@) J
It is clearfromtheequationsforthepitching-momentandyawing-
momentparametersthatthesetwoparameterscannotbe correlatedfor
relatedwings,bodiesorwing-bodycoribinationsof slender,butotherwise

—.—... . . . . —.— .—— ..— —.--— ———--



completelyarbitraryshape.9Correlationcanbe achieved,however,if
tworestrictionsareplacedontheshapesoftheseconfigurations.For

.

thecaseofpitchingmoment,therestrictionisthatthe 2 direction
cosinesoftheouternormalsto thesurfacemust,ingeneral,be small b
comparedto thecorrespondingn directioncosines.Thus,forexample,
verticalfins(alone)hav5ngsurfaceslopesinthechordwisedirection
generallyof thesameorderofmagnitudeas theslopesinthedepth-
wiseMrectionareeliminatedfromconsideration.Sucha shapeis
shownin sketch(b). Inthecaseofyaw$ngmoment,therestriction

z z

(b)

Y

x
z

A-Y
(c)

is that Z must,ingeneral:be smallconpredto m. Thus,for
example,wings,as shownh sketoh(c),havingchordtiseslopes
gena%llyofthesameorderofmagnitwleas thespanwiseslopes,are
eliminatedfromconsideration.Withtheserestrictions,thetermsin
therelationsfor ~Cm and Cn containing1/~2 as theircoef-
ficientmaybe neglected,andthuscorrelatingexpressionsforthese
parametersareobtained.Inthiscasethemoregeneralconsequenceof
thesimilaritylawforinviscidhypersonicflowisapparent;namely,
thecorrespondingforceandmomentparametershaveidenticalvaluesfor
relatedtigs, bodiesorwing-bodycombinations,providedthecorres-
pondingshiltiityparametershaveidenticalValues.zo

It isof interestto examinetheserelationsas theyapplytothin
tigs. If,forspanwisesymmetrictigs, onlyangleofattackis

9~e secondte~ontherighth therdatioIISfor ~Cm ‘d Cn
arisesfromthemomentduetothenonsymmetryofthedragforce.

1°Itis clearthattheconclusiondrawnfromequation(28),applyhg
tobodiesofrevolution,isa restrictedfo~ oft~s s~t~ent= It
isnotetident,however,thatthiss&tementcanbe generalizedto
inch.desi@ficantvisco~effects,aswaspossible~th theafore-
mentionedconclusion.

.

0

--—. .— —.— — —.
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considered,theshd.larityparametersKp and ~ vanishandonly
threeoftheaerodynamiccoefficientsremain.Thecorrespondingforce
andmomentparametersarereducedtotheformsll

1(32)
,, Theserelationsalsoqply, of course,towingsections.In this

case,b andthereforeKb areinfiniteanditis seenfromequa-
tions(19)and(20),thatthetermsinvolvingKb vanishyieldingthe
two-dimensionalequationsforhypersonicflow. Thesimilaritypara-
meter Kb isthuseliminatedfromequation(32).
equivalenttothatpresentedinreference1.~2

Ofpracticalimportanceistheconclusionto
dimensionlessequatioriofmotionas itappliesto
It isnoticedintheequationthattheparameter

Thisresultis

be drawnfromthe
thinwings.
Kb alwaysappears

()Kt2te-theform ~ If b isofthesameorderofmagnitudeas= ~2”
then,consistentwiththeotherapproximationsmadeindevelopingthis

(7

Kt
equation,thetermsinvolving~ aretobe neglected.Performing

this~eration,however,yieldstheequationofmotionfortwo-
dimensionalflow. Thusit isindicatedthat,iftheaspectratioisof
theorderofmagnitudeof oneor greater,hypersonicflowaboutwings
maybe treatedappro@natelyasa two-dimensional-flowproblem.The
latterproblemis,of course,relativelysimpleto salve.

A particularexampleischosento illustratetheapplicationof
thesimilaritylawtowing-bodycombinations,whichmaybe thoughtof,
forthispurpose,simplyas irregularshapes.Infigure4 areshown
tworelatedcruciformwingandbodyctiinationsat relatedanglesof
attack.It is seenthatin goingfroma Machnmiberof4 to a ~ch
numberof8, thewingandbodythicbess,thewingspans,andtheangle
ofattackaredecreasedby one-halfinordertomaintainsimilarityof
flow. Theeffectsofthechangeson someoftheaerodynamiccoef- .
ficientsarealsoshowninthefigure.

llParametersequivalentto thesewereobtainedby Tsienand,although
notpublished,werepresentedintheformoflecturenotes.As so
oftenha~ens,thesenoteswerebroughtto theattentionofthe
authorsaftercompletionof thisinvesti~tion.

%lhe exponentsof ~ obtainedherearedifferentfromthoseobtained
inreference1,becauseb t isusedasa referencearea,rather
than cb.

.—. — –——--—— __ _.
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CONCLUDINGREMARKS

Thesimilaritylawforsteady,inviscidhypersonicflowabout
slenderthree-dimensionalshapeshasbeenderivedintermsof customary
aerodynamicprameters.Tohavedmilarityofflow,thelawstates
thatthelateraldimensionsoftheshapesinquestionandtheirangles
withrespecttotheflightdirectionmustbe inverselyproportionalto
theirflightMachnuuibers.A directconsequenceofthislawisthat
theratioofthelocalstaticpressuretothefree-streamstatic
pressureisthesameat correspondingpointsin stilarflowfields.
Withtheaidofthislaw,simpleexpressionswereobtainedforcorre-
latingtheforcesandmomentsactingonrelatedshapesinhypersonic
flows. Theshapestreatedwerew%ngs,bodies,andwing-bodycombina-
tions. Inthecaseof inclinedbodiesofrevolution,theseexpressions
weregeneralizedto includethesignificanteffectsoftheviscous
crossforce.Thelaw,as itappliestobodiesofrevolution,wassub-
jectedtoa 15mitedexperimentalcheckbycomparingpressuresmeasured
ontwoinclinedconesinrelatedflows.Theoryandexperimentwerein
goodagreementexceptontheleesidesoftheconeswherethedissimilar
cross-flowReynoldsnumberswouldbe expectedto@eld dissimilar
separatedflows.

“Therangeofapplicabilityofthelawforpracticaltbree-
dimensionalshqesappearstomeritinvestigation.Ifthisrangeis .
relativelyaswideas thecorrespondingrangefornon.inclinedbodies
ofrevolution,thelawshouldproveofvaluein correlatingexperimental
data,andin simplifyingtheoreticalcalculationsoftheaerodynamic
characteristicsforfamiliesoftheseshapes.

.

AmesAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

MoffettField,Calif.,J~ 5, 1951.
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APPENDn

FORCESANDMOMENTSDUETOVISCOUSCROSSFLOWS

ONBODIESOFREVOLUTION

In reference6,Prandtldemonstratedthatlaminarviscousflows
overinfinitelylonginclinedcylindersmaybe treatedby considering,
independently,thecomponentsoftheflownormalandparalleltothe
axisofthecylinder.Jones,inreferenceT, appliedthisconceptto
thestudyofboundary-layerflowsoveryawedcylinders.Theworkof
PrandtlandJonessuggests,as indicatedby Alleninreference5,that
thecrossforceon slenderinclinedbodiesofrevolutionmaybe esti-
matedinthefoIlowingmanner:Eachcrosssectionofthebodyis
treatedasan elementofan infinitecylinderofthesameradius.The
crossforceper
ingequation:

unitLengthon sucha cylinderisgivenby thefollow-

s~ = r cdepoVo2sin2a (Al)

The
arethen

incrementallift,dra~andmomentproducedby thiscrossforce
givenbytherelations

(A2)

.

Iifi =r C+ ~ovo2sin2aCos ~

kg = r Cdc ~ov26ti*~

moment= r x cdc~oVo2sin2a 1

Retainingleadingtermsin a andintegratingoverthebody,
where r = r(x),theaerodynamiccoefficientsaregivenby theequations

(A3)

, wherethereferencearea
areaof theb~dyandthe
coefficientcdc isthe

isproportionalto themaximumcross-sectional
referencelengthis thebodylength.The
mean c% forthebodyofrevolution,andhas

thereforebeen~en outsidetheintegral.

._—.—— —- . ........ — _ ~ ——— —— ~— .-— —— .- —.-—-——
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